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In this paper, we propose CeCoIn5/YbCoIn5 superlattice systems as a test bed for the reduction
of topological classification in free fermions. We find that the system with quad-layer of CeCoIn5
shows a topological crystalline superconducting phase with the mirror Chern number eight at the
non-interacting level. Furthermore, we demonstrate that in the presence of two-body interactions,
gapless edge modes are no longer protected by the symmetry in the system with quad-layer, but are
protected in the systems with bi- or tri-layer. This clearly exemplifies the reduction of topological
classification from Z⊕ Z to Z⊕ Z8.
-Introduction- After the discovery of the topological in-
sulators (TIs) and topological superconductors (TSCs),
topological properties of quantum phases have been ex-
tensively studied1,2. In TIs/TSCs, nontrivial topology
of the wave function in the bulk predicts gapless exci-
tations at boundary/surface of the systems, which are
sources of novel transport properties. These systems
are free fermion systems (i.e., they are described by a
quadratic Hamiltonian), and the topology of TIs/TSCs
is protected by symmetries. Examining how many topo-
logical phases exist under a given local symmetry (i.e.,
classification of TIs and TSCs) is an important issue and
gives useful information3–5. On the experimental side,
realization of TIs/TSCs has been a significant issue, and
various numbers of TIs/TSCs have been indeed realized;
a two-dimensional TI was first confirmed for a quantum
well of HgTe/CdTe6,7, and three-dimensional TIs were
reported for Bi2Se3 etc.
8–10. Also, a TSC was proposed
for CuxBi2Se3
11.
Understanding the effects of electron correlations,
which are generally neglected in the treatment of
TIs/TSCs, is one of the current important issues in this
field. Theoretical proposals of TIs in strongly correlated
compounds have further stimulated this issue12–20. Re-
cent extensive studies have discovered the reduction of
topological classification for free fermion systems. In
particular, Fidkowski and Kitaev have found that for a
one-dimensional TSC of class BDI, the topological clas-
sification for free fermions, Z, collapses into Z8 in the
presence of electron correlations21–23. This means that
gapless edge modes can be unstable against electron in-
teractions. The reduction of topological classification has
further been extended to two- and three-dimensional sys-
tems by examining stability/instability of gapless edge
modes24–36. In spite of such significant progress on the
theoretical side, the reduction of topological classification
has not been experimentally reported yet. Therefore,
an experimental platform is indispensable for progress in
this direction.
In this paper, we address the following question. How
can we realize an experimentally accessible test bed to
observe the reduction of the classification? In order
to answer this question, we analyze topological prop-
erties of superconducting phases in a superlattice sys-
tem composed of CeCoIn5/YbCoIn5 layers, which is the
only known example of experimentally realizable two-
dimensional heavy-fermion systems37–40. Topological
properties of s-wave superconductors in the bi- and tri-
layer have been studied at the non-interacting level41,
which have been extended to the case of d-wave42. In this
paper, firstly, we demonstrate that a topological crys-
talline superconductor emerges in the system with quad-
layer of CeCoIn5, following the spirits of these studies
for multilayer superconductors. These topological crys-
talline superconductors form an Abelian group Z ⊕ Z.
Secondly, our bosonization approach elucidates that the
topological classification Z⊕Z for free fermions collapses
into Z⊕Z8 in the presence of electron correlations. These
results suggest that the CeCoIn5/YbCoIn5 superlattice
system provides an experimental test bed for the reduc-
tion of topological classification for free fermions. Besides
that, we find that the number of CeCoIn5 layers is essen-
tial for the reduction; the reduction occurs in the system
with quad-layer of CeCoIn5, although it does not in the
systems with bi- or tri-layer of CeCoIn5.
-Superlattice with quad-layer of CeCoIn5- We consider
a system of the CeCoIn5/YbCoIn5 superlattice (Fig. 1).
Experimentally, thickness of CeCoIn5 and YbCoIn5 can
be tuned at the atomic scale37–40. Besides that, the heavy
fermions are confined in two-dimensional CeCoIn5 lay-
ers because the proximity effects are suppressed by large
mismatch in the Fermi velocity between CeCoIn5 and
YbCoIn5
43,44. Therefore, we focus on the subsystem of
CeCoIn5. Here, in particular, we discuss the case of the
quad-layer.
H =
∑
k,m,σ,σ′
c†
kmσ[hˆm(k)]σσ′ckmσ′
+
∑
k,〈mm′〉,σ
t⊥c
†
kmσckm′σ + h.c.
+
∑
k,σ,σ′
∆mσσ′ (k)c
†
kmσc
†
−kmσ′ + h.c., (1a)
where c†
kmσ is the creation operator of an electron at layer
m = 1, 2, 3, 4 in a state with momentum k := (kx, ky)
2CeCoIn
5
YbCoIn
5
reflection 
plane
FIG. 1. (Color Online). Sketch of the superlattice. The quad-
layer of CeCoIn5 (brown sphere) is sandwiched by YbCoIn5
(white sphere). The reflection plane (black plane) is parallel
with the two-dimensional sheet of CeCoIn5. This reflection
plane locates between layers, which yields the Rashba spin-
orbit coupling.
and spin σ =↑, ↓. The first term denotes the normal
part of the Hamiltonian for each layer, while the sec-
ond term denotes the hopping between the neighbor-
ing layers. The Hamiltonian locally breaks the reflec-
tion symmetry (i.e., the layer m is mapped to the layer
5 − m.), which leads to the spin-orbit interaction of
Rashba type38–40. The last term represents the pairing
potential of superconductors. In the presence of the mag-
netic field, the matrix hˆm(k) in the first term is writ-
ten as hˆm(k) = ξ(k)σ
0 + αmg(k) · σ − µBHσz with
ξ(k) := −2t (cos(kx) + cos(ky)) − µ, where t and µ de-
note the hopping strength and the chemical potential,
respectively. The second term represents the spin-orbit
interaction, and g(k) := (− sin(ky), sin(kx), 0)T . Due to
the symmetry breaking of local reflection, the singlet and
triplet pairing states are mixed. Hence, the pairing po-
tential is written as ∆m(k) = i (ψm(k)− dm(k) · σ)σy.
We note that the system is invariant under the reflec-
tion which maps electrons in the layer m to those in the
layer 5−m. Furthermore, the superconducting phase in
layers of CeCoIn5 is supposed to be a pair-density-wave
(PDW) phase because the superconductor in this system
is (i) in the Pauli limit45, (ii) quasi-two-dimensional, (iii)
affected by strong spin orbit coupling38,46. Therefore,
the parameter α and the pairing potential for each layer
(αm, ψm(k),dm(k)) are assigned as
(α1, ψ1(k),d1(k)) = (α, ψ(k),d(k)) , (2a)
(α2, ψ2(k),d2(k)) = (α
′, ψ′(k),d′(k)) , (2b)
(α3, ψ3(k),d3(k)) = (−α′,−ψ′(k),d′(k)) , (2c)
(α4, ψ4(k),d4(k)) = (−α,−ψ(k),d(k)) . (2d)
We note that in the bulk of CeCoIn5, dx2−y2-wave is
dominant47. Besides that, the most primitive triplet
pairing is p-wave which mixes with the dx2−y2-wave
due to the Rashba interaction. Based on these results
and the analysis with group theory48 (for details see
Sec. I of Ref. 49), we conclude that the pairing poten-
tial is written as ψ(k) := ∆d(cos(kx) − cos(ky)) and
d(k) := c
(
sin(ky), sin(kx), 0
)T
, where ∆d and c are
real numbers. ψ′(k) and d′(k) are defined in a similar
way, just by replacing (∆d, c) with (∆
′
d, c
′).
By using the Nambu operator, the Hamiltonian is writ-
ten as H = 12
∑
k
Ψ†
k
H(k)Ψk, where Ψk is the Nambu
operator, Ψk := ⊕σ(ck1σ , · · · , ck4σ, c†−k1σ, · · · , c†−k4σ)T .
Since the system respects the reflection symmetry, the
Bogoliubov-de Gennes (BdG) Hamiltonian H(k) can be
block diagonalized in each eigenspace with an eigenvalue
λi (= +i,−i):
Hλ(k) =
(
hˆλ(k) ∆ˆ(k)
∆ˆ†(k) −hˆTλ (−k)
)
, (3)
where hˆλ(k) and ∆ˆ(k) are four dimensional matrices,
whose definition is given in Sec. II of Ref. 49.
-Topological class and topological invariants- Let us
turn to the topological properties of the Hamiltonian.
We note that the Hamiltonian matrix (3) has a gapful
spectrum due to the inter-layer hopping t⊥. The topo-
logical class of the Hamiltonian, Hλ(k), is class D accord-
ing to the periodic table of TIs/TSCs3–5,50. This can be
checked as follows. The block diagonalized Hamiltonian
Hλ(k) respects the reflection and particle-hole symmetry
whose matrix representation is denoted by R and UcK,
respectively, where the operator K takes complex conju-
gation. For the explicit representation of these symmetry
transformations, see Sec. II of Ref. 49. Each operator sat-
isfies the following relations: (i) R2 = −1l; (ii) R and C
anti-commute, {R, C} = 0. Therefore, the topological
class of the Hamiltonian matrix Hλ(k) is class D.
The topological properties of BdG Hamiltonian are
characterized by the total Chern number νtot and the
mirror Chern number νM of H(k). These are linear com-
bination of Chern numbers ν+ and ν− for block diagonal-
ized Hamiltonians, H+(k) and H−(k), whose topological
class is D,
νtot = ν+ + ν−, νM =
ν+ − ν−
2
. (4)
(The definition of ν+ and ν− are given in Sec. II of
Ref. 49.) Namely, the topological crystalline supercon-
ducting phases form an Abelian group Z ⊕ Z. The total
Chern number indicates a difference in the number of
right- and left-movers of edge states. Thus, the system
shows νM helical edge modes for νtot = 0.
-Topological properties of the BdG Hamiltonian- Now
we characterize the topological properties of the system
at the non-interacting level. We set t = 1.0, t⊥ = 0.1,
α = 0.3, α′ = 0.2, ∆d = 0.05, ∆′d = 0.05, c = −0.01, and
c′ = −0.0067. We note that essentially the same results
are obtained in other cases of the parameter set.
In Figs. 2(a) and (b), the Chern numbers for each sub-
sector are plotted as functions of the chemical potential
3and the magnetic field. (For calculation of the Chern
numbers we employ the method proposed by Fukui et
al.51.) In the absence of the magnetic field the system is
time-reversal invariant. Correspondingly, the total Chern
number is zero, while the mirror Chern number is eight
[see also Figs. 2(c) and (d)]. Under the weak magnetic
field, these two topological invariants have the same value
as in the case of µBH = 0. Further increasing the mag-
netic field changes the sign of ν+, and the Chern number
becomes −16.
FIG. 2. (Color Online). (a) and (b) Chern number of H+
and H−. Numbers enclosed with squares denote the Chern
number ν±. We choose the following parameter set: t = 1.0,
t⊥ = 0.1, α = 0.3 α
′ = 0.2, ∆d = ∆
′
d = 0.05, c = −0.01, and
c′ = −0.0067. (c) Chern number for each sector as a function
of the magnetic field for µ = −0.1. (d) Total Chern number
and the mirror Chern number as a function of the magnetic
field for µ = −0.1. We choose the same parameter set as
panel (a) and (b).
We focus on the region of weak magnetic fields where
the topological invariants are (ν+, ν−) = (8,−8), pre-
dicting eight pairs of helical edge modes. To confirm the
bulk-edge correspondence, we plot the energy spectrum
of H+(k) under the open (periodic) boundary condition
in the x- (y-) direction, respectively (see Fig. 3). In this
figure, we can find that eight Majorana modes localized
around x = 1 (x = L) propagate to left (right), respec-
tively. This indicates that the total system, H(k), hosts
eight pairs of helical Majorana modes.
The above results at the non-interacting level indicate
that a topological crystalline superconducting phase with
(νM, νtot) = (8, 0) emerges in the superlattice with quad-
layer of CeCoIn5.
- Reduction of topological classification- So far, we have
seen that the system has eight pairs of helical Majorana
modes in weak magnetic fields. Now, by making use
of a bosonization approach24,25,28,32,33, we analyze the
symmetry protection of gapless edge modes in the pres-
ence of two-body interactions which are important for the
CeCoIn5/YbCoIn5. Our analysis summarized below evi-
dences that these gapless modes are no longer protected
-0.1
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FIG. 3. (Color Online). Energy spectrum of the BdG
Hamiltonian, H+(k), around ky = −pi/2 (left panel) and
ky = pi/2 (right panel) which is obtained under the open (pe-
riodic) boundary condition for x- (y-) direction, respectively.
Here, the spectrum of the eigenstates localized around x = 1
(x = L) is represented by the red (blue) symbols, respectively.
The lines are to guide the eye. The data is obtained with the
following parameter set: t = 1.0, t⊥ = 0.1, α = α
′ = 0.3,
∆d = ∆
′
d = 0.4, c = c
′ = −0.08, and L = 300, where L
denotes the number of sites in the x-direction. At this set of
parameters, the system is characterized by (νM, νtot) = (8, 0).
Eight Majorana modes are observed around each edge in the
system.
by the symmetry. Namely, the topological phase with
(νM, νtot) = (8, 0) becomes topologically trivial in the
presence of two-body interactions. In Sec. III of Ref. 49,
we also show that gapless edge modes are protected by
the symmetry in the case of two and four pairs of helical
Majorana modes. From these results we end up with the
classification Z ⊕ Z8. We address the above symmetry
protection in the following three steps: First we show
an effective model of gapless edge modes; We next apply
a bosonization scheme to the effective one-dimensional
system of edge modes in order to treat one- and two-
body interactions on an equal footing; We finally define
the criteria for symmetry protection, and elucidate the
fate of Mjorana modes in connection with the symmetry
protection in the presence of interactions.
Let us start with an effective model of gapless edge
modes, which is given for (νM, νtot) = (8, 0) as,
Hedge =
∑
α,λ
∫
dx sgn(λ)ηαλ(x)(−iv∂x)ηαλ(x), (5)
where ηαλ denotes the Majorana operator of a state with
α = 1, · · · , 8 and the eigenvalue of R, λ = +,−. v
denotes the velocity of the Majorana modes. Under
the reflection, these Majorana modes are transformed
as (ηα+(x), ηα−(x)) → (−ηα+(x), ηα−(x)). By apply-
ing the operator Pˆf := (−1)Nf , the Majorana modes are
transformed as (ηα+(x), ηα−(x))→ (−ηα+(x),−ηα−(x)),
where Nf denotes the operator for total number of
fermions (see Sec. IIC and III of Ref. 49). Here, we note
that the symmetry of the fermion number parity and the
reflection symmetry are relevant for the symmetry pro-
tection of edge modes in the correlated system. This is
because the particle-hole symmetry of the BdG Hamilto-
4nian changes to the symmetry of fermion number parity
Pˆf := (−1)Nf in many-body systems.
We here apply a bosonization scheme to these modes
in order to take into account interaction effects. (For
details see Sec. IIIA of Ref. 49.) As a first step, we
rewrite two Majorana modes with one complex fermion
as follows: η2α′−1,λ(x) = [fα′λ(x) + f
†
α′λ(x)]/
√
2, and
η2α′,λ(x) = [fα′λ(x)− f †α′λ(x)]/(
√
2i) with α′ = 1, · · · , 4.
Transformation law of these operators is the same as that
of the Majorana fermions. Introducing bosonic fields,
fI(x) =
1√
2piα0
κIe
iφI (x), the effective action is written as
Ledge =
∫
dτdx
4π
[KIJ∂τφI(x)∂xφJ(x)
−VIJ∂xφI(x)∂xφJ (x)] , (6)
with K = σz ⊗ 1l4×4 and V = 2v1l8×8. Here,
φI(x) [fI(x)] is a scalar bosonic [fermionic]
field and denotes the I-th component of the
vector fields φ := (φ1+, φ1−, · · · , φN+, φN−)T
[f := (f1+, f1−, · · · , fN+, fN−)T ], respectively. κ’s
denote the Klein factor, and α0 is a cutoff parameter.
Now, we define the criteria for the symmetry protec-
tion of edge modes (see also Sec. IIIB1 of Ref. 49). If
any backscattering term is prohibited from gapping out
edge modes by the symmetry, then the edge modes are
protected by the symmetry, otherwise the edge modes are
not protected. Here we formulate (i) backscattering term
in terms of bosonic fields and (ii) transformation law of
bosonic fields to check whether symmetry is preserved
or not. (i) Backscattering terms: Introducing backscat-
tering terms, i.e., mixing right- and left-movers, yields a
potential term cos(lT ·φ) with l ∈ Z8, which can pin the
field lT · φ to the potential minima and gap out a heli-
cal edge mode. Here, we note that the integer vector l
satisfies the Haldane’s criteria [see Eq. (29) of Ref. 49]52.
(ii) Transformation law of bosonic fields: Under the re-
flection symmetry the bosonic fields are transformed as
φI → φI + π for odd I, and φI → φI for even I. By
applying Pˆf , the fields are transformed as φI → φI + π
for I = 1, . . . , 8.
Based on the above criteria, we conclude that eight
pairs of helical Majorana fermions (5) are no longer pro-
tected by the symmetry. In other words, the phase la-
beled by (νM, νtot) = (8, 0) is topologically trivial in the
presence of two-body interactions. These results indicate
that the classification of free fermions, Z ⊕ Z collapses
into Z ⊕ Z8. The details are discussed in Sec. IIIB2 of
Ref. 49.
Let us now discuss the cases of bi- and tri-layer sys-
tems. In these cases, topological properties of the BdG
Hamiltonian is also characterized by νtot and νM. How-
ever, the Chern numbers do not predict eight pairs of
helical Majorana fermions; (νM, νtot) is given by (4, 0)
for bi-layer systems, and (νM, νtot) is given by (1, 0) for
tri-layer systems42. This means that the gapless edge
modes localized around the edges of bi- or tri-layer sys-
tems cannot be gapped out without symmetry breaking.
Therefore we arrive at the important conclusion: the
CeCoIn5/YbCoIn5 superlattice hosts a possible experi-
mental test bed for the reduction of topological classifi-
cation in free fermion systems, and the minimum number
of CeCoIn5 layers for the reduction is four.
For experimental observation of the gapped edge
states, a promising possibility is the scanning tunneling
microscopy (STM) measurement. The reasons are as fol-
lows. (i) This method has been applied to detect the Ma-
jorana states emerging at the end of the one-dimensional
quantum wires53,54. Furthermore, very recently, it be-
comes possible to carry out the STM measurement for
the CeCoIn5/YbCoIn5 superlattice
55 where the energy
resolution is expected to be high because the STM mea-
surement has already carried out for the bulk CeCoIn5
with high energy resolution (∼ 75µeV)56. (ii) In the su-
perlattice, the interaction arising from antiferromagnetic
spin fluctuations is expected to be relevant, so that it
contributes to the interactions destroying Majorana edge
modes. According to our estimation based on the ex-
perimental data (STM measurement of pairing potential
in the bulk CeCoIn5
56 and observation of electronic spe-
cific heat coefficient57), the interaction arising from anti-
ferromagnetic spin fluctuations is approximately 0.18eV.
Combining this estimation and the numerically obtained
wave functions of gapless edge modes under OBC, we
conclude that the gap created at the edges is approxi-
mately 100µeV, which is considered to be observable with
STM measurement.
Finally we make some comments on the difference be-
tween the phase of (νM, νtot) = (8, 0) discussed here and
an ordinary trivial phase of (νM, νtot) = (0, 0). In the
system labeled by (νM, νtot) = (8, 0), gapless modes are
expected to appear at a dislocation where only the lay-
ers m = 2 and 3 terminate. This dislocation forms a
bi-layer subsystem which is expected to host four pairs
of the helical Majorana modes.
-Summary- In this paper, we have proposed the
CeCoIn5/YbCoIn5 superlattice as a possible experimen-
tal test bed for the reduction of the topological classifica-
tion in free fermion systems. Our analysis has elucidated
the following results: in the presence of two-body inter-
actions, the classification for the topological crystalline
superconductor at the non-interacting level, Z ⊕ Z, col-
lapses into Z ⊕ Z8, and helical edge modes in the quad-
layer system are completely gapped out in the presence
of two-body interaction. We have demonstrated that the
number of CeCoIn5 layers is essential for detecting the re-
duction; the minimum number of CeCoIn5 layers for the
reduction is four. Besides that, tuning magnetic fields
can help experimental observation of the reduction; In
strong magnetic fields, the system shows sixteen chiral
Majorana modes (see Figs. 2(a) and (b)) which are ro-
bust even under correlations.
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Supplementary of ” Fate of Majorana modes in
CeCoIn5/YbCoIn5 superlattices -a test bed for
reduction of topological classification- ”
I. CRYSTAL SYMMETRY AND THE PAIRING
POTENTIAL
Here, by taking into account symmetry of the system,
we show that the pairing potential is written as
∆m = i[ψ(k)− d(k) · σ]σy , (7a)
ψ(k) = ∆d(cos kx − cos ky), (7b)
d(k) = c (sin ky, sin kx, 0)
T
+id (sinkx,− sinky , 0)T . (7c)
Let us start with the case without magnetic field.
In the bulk of CeCoIn5, the system is invariant under
the following symmetry transformations which are gen-
erators of D4h group: π/2-rotation along c-axis (C4);
π-rotation along a-axis (C2); π-rotation along (1, 1, 0)-
direction (C′2); reflection whose reflection plane is paral-
lel with a- and b-axis (Rz). Irreducible representations of
pairing potentials for D4h are listed in Table I. Here, we
TABLE I. Irreducible representation of pairing potential for
D4h group
48.
IR ψ(k)/d(k)
A1g 1
A2g kxky(k
2
x − k
2
y)
B1g k
2
x − k
2
y
B2g kxky
Eg kxkz, kykz
A1u kxx+ kyy
A2u kyx− kxy
B1u kxx− kyy
B2u kyx+ kxy
Eu kzx,kzy; kxz,kyz
have assumed a triplet p-wave paring for simplicity. For
the superlattice systems, local reflection symmetry, i.e.,
symmetry under applying Rz, is broken at each layer of
CeCoIn5
38–40. In this case the symmetry group changes
to C4v of which irreducible representations are listed in
Table II. We note that paring potential is dx2−y2 in the
TABLE II. Irreducible representation of pairing potential for
C4v group
IR ψ(k)/d(k)
A1 1;
kyx− kxy
A2 kxky(k
2
x − k
2
y);
kxx+ kyy
B1 k
2
x − k
2
y;
kyx+ kxy
B2 kxky;
kxx− kyy
E kxkz, kykz;
kzx,kzy; kxz,kyz
bulk of CeCoIn5. Thus, the superconducting state be-
longs to the B1 representation, and the d-vector of triplet
pairing state mixed with dx2−y2 -wave is proportional to
(sin ky, sin kx, 0)
T .
Introducing the magnetic field breaks the symmetry
under applying C2 and C
′
2, which reduce the symmetry
group from C4v to C4. The corresponding irreducible
representations are listed in Table III. Thus, under the
TABLE III. Irreducible representation of pairing potential for
C4 group
IR ψ(k)/d(k)
A 1;
kxky(k
2
x − k
2
y);
kyx− kxy
kxx+ kyy;
B k2x − k
2
y;
kxky;
kyx+ kxy
kxx− kyy;
E kxkz, kykz;
kzx,kzy; kxz,kyz
magnetic field, d-vector is obtained by superposition of
(sin ky, sin kx, 0)
T and (sin kx,− sinky, 0)T .
Even under the magnetic field, the system is invari-
ant under applying the operator TRy, which fixes the
relative phase of pairing potential. Here, T and Ry de-
note the time-reversal operator and the reflection opera-
tor which maps (x, y, z) → (x,−y, z), respectively. Un-
der the TRy operation, a momentum is transformed as
(kx, ky)→ (−kx, ky). Applying TRy, we have
i(cos kx − cos ky)σy → i(cos kx − cos ky)σy,
i(sin ky, sin kx, 0)
T · σσy → i(sin ky, sin kx, 0)T · σσy,
i(sinkx,− sin ky, 0)T · σσy → −i(sinkx,− sinky , 0)T · σσy.
7Thus, the pairing potential is given by
∆m = i[ψ(k)− d(k) · σ]σy, (8)
with
ψ(k) = ∆d[cos(kx)− cos(ky)], (9)
d(k) = c(sin ky, sin kx, 0)
T + id(sin kx,− sinky, 0)T .
(10)
The second term of Eq. (10) is considered to just yield
quantitative difference for weak magnetic fields and not
to alter topological properties. Thus, we neglect this
term. This is because the second term is induced by
the magnetic field and much smaller than the first term.
II. TOPOLOGICAL PROPERTIES OF THE BDG
HAMILTONIAN
A. Relevance of the Hamiltonian to the
superlattice
In this section, we explain the relevance of the Hamil-
tonian of the quad-layer systems to the superlattice sys-
tems and also how we have chosen the parameter set. We
note that the Hamiltonian for bi- and tri-layer systems
can be build up in a similar way.
-Relevance of the Hamiltonian- Concerning the nor-
mal part of the Hamiltonian, the interlayer hopping is
supposed not to change the number of the Fermi sur-
face. Therefore, we employ the dispersion relation of
the square lattice with nearest neighbor hopping which is
the simplest model describing bulk CeCoIn5. Concerning
the pairing potentials, the superconducting phase under
the magnetic field is supposed to be a pair-density wave
(PDW) phase. This is motivated by the following exper-
imental observations. The superconducting phase is (i)
in the Pauli limit45 (ii) quasi-two-dimensional in the su-
perlattice (iii) affected by strong spin-orbit coupling38,46.
The Pauli depairing effect affects on the singlet pairing
while it does not on the triplet pairing. Therefore, the
phase of the pairing potentials should be chosen so that
the phase of the singlet component changes its sign at
each layer, which is characteristic of the PDW phase.
-How to choose the parameter set- To obtain the phase
diagram, we chose the parameters as follows. Here, we
assume that the energy scale of the intra-layer hopping
is 3meV by taking into account mass renormalization57.
(i) Pairing potentials: transition temperature of the su-
perconducting phase is approximately 1K37. With this
observation, we set the amplitude of pairing potentials
∆d to be 0.05t. (ii) Spin-orbit interactions: first prin-
ciples calculations predict that the bare anti-symmetric
Rashba spin-orbit coupling of heavy fermion is typically
1000K. Taking into account the renormalization factor
∼ 1/30057, we set the parameter α to be 0.3t. (iii)
Inter-layer hopping: in the CeCoIn5/YbCoIn5 superlat-
tice, anomalous angular dependence of the upper critical
field Hc2 is observed experimentally which is attributed
to the local inversion symmetry. This phenomenon oc-
curs when the inter-layer hopping is smaller than the
Rashba spin-orbit coupling. Thus, we have set the pa-
rameter t⊥ = 0.1t.
B. Derivation of Eq. (3)
With the Nambu operator Ψk :=
⊕σ(ck1σ, · · · , ck4σ, c†−k1σ, · · · , c†−k4σ)T the Hamilto-
nian is written as H = 12
∑
k
Ψ†
k
H(k)Ψk. We block
diagonalize this Hamiltonian with eigenspace of the
reflection operator which has the eigenvalue λi (= i,−i).
The reflection operators are written as
R = iσz ⊗ τ0 ⊗


1
1
1
1


L
, (11)
where σ and τ are the Pauli matrices acting on spin and
Nambu space. The 4 × 4-matrix with the subscript L
maps the layer m to 5 − m. We note that the four di-
mensional matrix with the subscript L is replaced by the
two- (three-) dimensional matrix for bi- (tri-) layer sys-
tems.
The eigenvectors of the matrix R are obtained as fol-
lows. For λ = + (the eigenvalues are written as λi),
uT1+ =
1√
2
(1, 0)σ ⊗ (1, 0)τ ⊗ (1, 0, 0, 1)L, (12a)
uT2+ = −
1√
2
(0, 1)σ ⊗ (1, 0)τ ⊗ (1, 0, 0,−1)L, (12b)
uT3+ =
1√
2
(1, 0)σ ⊗ (1, 0)τ ⊗ (0, 1, 1, 0)L, (12c)
uT4+ = −
1√
2
(0, 1)σ ⊗ (1, 0)τ ⊗ (0, 1,−1, 0)L, (12d)
uT5+ =
1√
2
(1, 0)σ ⊗ (0, 1)τ ⊗ (1, 0, 0, 1)L, (12e)
uT6+ = −
1√
2
(0, 1)σ ⊗ (0, 1)τ ⊗ (1, 0, 0,−1)L, (12f)
uT7+ =
1√
2
(1, 0)σ ⊗ (0, 1)τ ⊗ (0, 1, 1, 0)L, (12g)
uT8+ = −
1√
2
(0, 1)σ ⊗ (0, 1)τ ⊗ (0, 1,−1, 0)L, (12h)
where vectors with the subscript σ (τ) denote vectors in
the spin (Nambu) space, respectively.
8For λ = − (the eigenvalues are written as λi),
uT1− =
1√
2
(0, 1)σ ⊗ (1, 0)τ ⊗ (1, 0, 0, 1)L, (13a)
uT2− =
1√
2
(1, 0)σ ⊗ (1, 0)τ ⊗ (1, 0, 0,−1)L, (13b)
uT3− =
1√
2
(0, 1)σ ⊗ (1, 0)τ ⊗ (0, 1, 1, 0)L, (13c)
uT4− =
1√
2
(1, 0)σ ⊗ (1, 0)τ ⊗ (0, 1,−1, 0)L, (13d)
uT5− =
1√
2
(0, 1)σ ⊗ (0, 1)τ ⊗ (1, 0, 0, 1)L, (13e)
uT6− =
1√
2
(1, 0)σ ⊗ (0, 1)τ ⊗ (1, 0, 0,−1)L, (13f)
uT7− =
1√
2
(0, 1)σ ⊗ (0, 1)τ ⊗ (0, 1, 1, 0)L, (13g)
uT8− =
1√
2
(1, 0)σ ⊗ (0, 1)τ ⊗ (0, 1,−1, 0)L. (13h)
Each element of the block diagonalized BdG Hamilto-
nian Hλ(k) is written as
[Hλ(k)]ij = uTiλH(k)ujλ (14)
with i, j = 1, · · · , 8. Thus, we end up with the following
block diagonalized Hamiltonian,
Hλ(k) =
(
hˆλ(k) ∆ˆ(k)
∆ˆ†(k) −hˆTλ (−k)
)
, (15a)
with
hˆλ(k) =


ξ(k)− µbH −αk+ t⊥ 0
−αk− ξ(k) + µbH 0 t⊥
t⊥ 0 ξ(k)− µbH + sgn(λ)t⊥ −α′k+
0 t⊥ −α′k− ξ(k) + µbH − sgn(λ)t⊥

 , (15b)
∆ˆ(k) =


dx(k)− idy(k) ψ(k) 0 0
−ψ(k) −dx(k)− idy(k) 0 0
0 0 d′x(k)− id′y(k) ψ′(k)
0 0 −ψ′(k) −d′x(k)− id′y(k)

 , (15c)
where k± = sin(ky)± i sin(kx), and sgn(λ = ±) = ±1.
C. topological class
In this section, we show that the topological class of
the BdG Hamiltonian is class D. The Hamiltonian H(k)
respects the reflection and the particle-hole symmetry.
Namely, it satisfies
RH(k)R−1 = H(k), (16)
CH(−k)C−1 = −H(k). (17)
where C := τxK (C2 = 1l) denotes the operator of the
particle-hole transformation. R and C anti-commute,
{R, C} = 0. Thus, the block diagonalized Hamiltonian
Hλ(k) also respects the particle-hole symmetry, and the
topological class is D. The above results mean that the
block diagonalized Hamiltonian Hλ(k) is characterized
by Chern number ν± which is defined in Eq. (20). In
9other words, the BdG Hamiltonian H(k) is characterized
by the total Chern number and the mirror Chern num-
ber defined in Eq. (4). We note that the mirror Chern
number takes multiple of 1/2, which is just due to our
convention.
We note that for µBH = 0, the system is invariant
under the time-reversal symmetry. Namely,
T H(−k)T −1 = H(k), (18)
with T := iσyK. However, the block diagonalized Hamil-
tonian Hλ(k) does not respect the time-reversal symme-
try because T ui± = ∓ui∓ holds. Therefore, the mirror
Chern number may take a finite value.
We finish this part by noting that the overall phase in
Eq. (11) is just for convention. We can also choose the
following reflection operator instead of the operator in
Eq. (11):
R′ = −σz ⊗ τ0 ⊗


1
1
1
1

 , (19)
which satisfies R′2 = 1l. This does not change the re-
sults in the non-interacting system. Indeed, we can
check the following facts: The BdG Hamiltonian com-
mutes with R′; The block diagonalized Hamiltonian in
the eigenspace of R′ is given by Eqs. (15); The topolog-
ical class of the block diagonalized Hamiltonians is class
D because eigenvalues of R′ is ±1, and the commutation
relation [R′, C] = 0 holds. Therefore, the topological
properties of the BdG Hamiltonian are characterized by
Chern numbers for each sector ν±.
D. topological invariants
In the previous section, we have seen that the topolog-
ical class of the two-dimensional Hamiltonian Hλ(k) is
class D. Therefore, the Chern number of each subspace
characterizes the topological structure of the BdG Hamil-
tonian of the two-dimensional system, or equivalently,
the total Chern number and the mirror Chern number
[Eq. (4) in the main text] characterize the topology,
ν± =
1
2πi
∫
BZ
d2k Fλ12(k), (20a)
where Fλ12(k) denotes Berry curvature,
Fλ12(k) = ∂1A
λ
2 (k)− ∂2Aλ1 (k), (20b)
Aλµ(k) = i〈nλ(k)|∂µ|nλ(k)〉. (20c)
Here, |nλ(k)〉 denotes a normalized wave function of the
n-th Bloch state of Hλ(k); Hλ(k)|nλ(k)〉 = Enλ|nλ(k)〉.
Here, a technical comment is in order on the compu-
tation of the Chern number ν±. The computation of the
Chern numbers is numerically difficult because of the fol-
lowing reasons. Firstly, dimension of the Hamiltonian
matrix Hλ(k) is eight, dimHλ(k) = 8, which makes the
calculation of the Chern number heavy. Secondly, the
bulk gap for the above parameter set is so small that the
Chern number cannot be easily computed with sufficient
accuracy by using Eq. (21). Therefore, instead of direct
computation of the Chern number with Eq. (20), we use
the method proposed in Ref. 51. Following this method,
we discretize the momentum space, and computes the
Berry curvature from a U(1) link variable for each dis-
cretized patches. This formula is applicable not only to
the quad-layer system but also to other multiple layer
systems (e.g., bi- and tri-layer systems).
We note that the Chern number can be rewritten with
the single-particle Green’s function;
νλ = ǫ
µνρ
∫
dωd2k
24π2
tr[G−1λ (k)∂µGλ(k)
×G−1λ (k)∂νGλ(k)G−1λ (k)∂ρGλ(k)], (21)
where ǫµνρ is the anti-symmetric tensor (ǫ012 = 1,
µ, ν, ρ = 0, 1, 2). ∂ := (∂ω, ∂kx , ∂ky ) and k := (kx, ky).
Here, Gλ(k) with k := (iω,k) is a matrix whose elements
are the single-particle Green’s function for the eigenspace
labeled by λ = ±. The Chern number in Eq. (21) is well-
defined as long as the Green’s function is non-singular;
detGλ(k) 6= 0 and detG−1λ (k) 6= 0 for ∀k ∈ (iω,k). Thus,
the Chern number ν± can take a quantized value even in
the correlated systems.
III. ANALYSIS OF GAPLESS EDGE MODES IN
THE PRESENCE OF CORRELATIONS
In this section, we show the following results by taking
into account one- and two-body interaction. Two and
four pairs of helical Majorana modes are protected by
the reflection symmetry and the symmetry of fermion
number parity, while eight pairs of helical Majorana
modes are not. From this result, we end up with the
classification results Z ⊕ Z8 because (i) chiral modes
cannot be gapped out, and (ii) odd number of heli-
cal Majorana modes are considered to be stable against
interactions26–28,31,34. We note that the particle-hole
symmetry of the BdG Hamiltonian Eq. (3) is replaced
by the symmetry of fermion number parity in the pres-
ence of electron correlations. We denote the operator for
the fermion number parity as Pˆf := (−1)Nf with the
number operator of total fermions Nf . In the following,
we discuss how we end up with the classification results.
Consider a one-dimensional subsystem of the topologi-
cal crystalline superconductors having the 2N (= 2, 4, 8)
helical edge modes. The Hamiltonian is written as
Hedge =
2N∑
α=1
∫
dx sgn(λ)ηαλ(x)(−iv∂x)ηαλ(x), (22)
where ηαλ denotes the Majorana operator for the state
with α = 1, 2, · · · , 2N and λ = +,−. sgn(λ) takes 1 (−1)
for λ = + (−), respectively. v denotes the velocity of the
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edge modes. Under each symmetry transformation, these
Majorana modes are transformed as follows:
Rˆηαλ(x)Rˆ
−1 = −sgn(λ)ηαλ, (23a)
Pˆfηαλ(x)Pˆ
−1
f = −ηαλ. (23b)
As we note in Sec. II C, the overall phase in Eq. (11)
is just for convention. Here, we choose the matrix in
Eq. (19) as the reflection operator. This does not change
the topological classification for free fermions, Z⊕ Z. In
this case, the reflection operator Rˆ is given by
Rˆ = e−i
pi
2
Ne−ipiS
z
P, (24)
where P denotes the operator satisfying PcimσP
−1 =
ci5−mσ. Multiplying the overall phase −i yelds Eq. (11).
This additional overall phase changes the commutation
relation.
A. bosonization of edge modes
In order to discuss the interaction effects, we bosonize
the one-dimensional model. As a first step, we rewrite
the Hamiltonian (22) with complex fermions to bosonize
the model. By introducing the complex fermions,
η2α′−1,λ(x) =
1√
2
[fα′λ(x) + f
†
α′λ], (25a)
η2α′,λ(x) =
1√
2i
[fα′λ(x)− f †α′λ], (25b)
with α′ = 1, · · · , N , Eq (22) is written as
Hedge =
∑
α′,λ
v
∫
dx sgn(λ)[{i∂xfα′λ(x)}f †α′λ(x)
+f †α′λ(x)(−i∂x)fα′λ(x)],
=
∑
α′,λ
∫
dx[2v sgn(λ)f †α′λ(x)(−i∂x)fα′λ(x)],
(26)
where α′ runs from 1 to N in the summation.
Now, we bosonize the model written with the complex
fermions. Introducing bosonic fields,
fI(x) =
1√
2πα
κIe
iφI(x), (27)
the effective action is written as
Ledge =
∫
dτdx
4π
[KIJ∂τφI(x)∂xφJ(x)
−VIJ∂xφI(x)∂xφJ (x)] , (28a)
with
K = σz ⊗ 1lN×N , V = 2v1l2N×2N . (28b)
Here, φI(x) [fI(x)] is a scalar bosonic (fermionic)
field and denotes I-th component of the vec-
tor fields φ := (φ1+, φ1−, · · · , φN+, φN−)T [f :=
(f1+, f1−, · · · , fN+, fN−)T ], respectively. κ’s denote the
Klein factor and α0 is a cutoff parameter.
We note that the commutation relations of φ’s are en-
capsulated in the first term of Eq. (28a), which are writ-
ten as
[φI(x), φJ (x
′)] = πi[K−1]IJ sgn(x− x′), (29)
where sgn(x) equals 1, 0, and −1 for x > 0, x = 0, and
x < 0, respectively. Introducing backscattering terms
yields a cos-term. If a bosonic field is pinned at the po-
tential minimum, one pair of the helical edge modes de-
scribed by complex fermions (i.e., two pairs of Majorana
helical edge modes) are gapped out.
Under the reflection, the bosonic fields are transformed
as
RˆφRˆ−1 = φ+ δφR, (30a)
with
δφR = π(1, 0, 1, 0, · · · , 1, 0)T . (30b)
Namely, applying the operator Rˆ yields the phase shift
π only for φI with odd I ∈ (1, . . . , N). Under Pˆf , the
bosonic fields are transformed as
PˆfφPˆ
−1
f = φ+ π(1, 1, · · · , 1, 1)T . (31)
B. symmetry protection of edge modes
1. criteria for symmetry protection
Symmetry protection of edge modes against one- and
two-body interactions can be discussed as follows. One
pair of the helical edge modes of complex fermion are
gapped out when a bosonic field is pinned at the potential
minimum of backscattering terms. If all of the gapless
modes are gapped out without symmetry breaking by
interactions, the gapless modes are not protected by the
symmetry. Otherwise the gapless modes are protected by
symmetry. In the following, we discuss how to check the
symmetry breaking and thus elucidate the condition for
the backscattering term to gap out all of the edge modes.
Firstly, we discuss the symmetry breaking. The re-
flection symmetry breaking of the Hamiltonian can be
checked by applying the operator Rˆ to the backscatter-
ing term. (We can discuss the fermion number parity
breaking in a similar way.) In addition, one should check
the absence of spontaneous symmetry breaking. Let us
start with the symmetry of the Hamiltonian. A backscat-
tering term can be written as
Lint = U1
∫
dx cos(φ1 − φ2), (32)
where U1 is a real number. Applying Rˆ transforms the
interaction term as follows:
RˆLintRˆ−1 = −U1
∫
dx cos(φ1 − φ2). (33)
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Thus, this interaction term breaks the symmetry. To
check spontaneous symmetry breaking in the bosoniza-
tion approach, consider the interaction term
Lint = U1
∫
dx cos(2φ1 − 2φ2), (34)
which is invariant under applying Rˆ. If the bosonic field
is pinned at the potential minimum (i.e., 〈2φ1 − 2φ2〉 =
const.) gapless edge modes are gapped out. In this case,
however, a more primitive field 〈φ1−φ2〉 = const. (we call
this elementary bosonic field) is not invariant, whereby
the symmetry is spontaneously broken.
Secondly, we note that an arbitrary set of back scatter-
ing terms {cos(lT1 ·φ), · · · , cos(lTi ·φ), · · · } pinning fields
lTi ·φ (i = 1, 2 · · · ) satisfies the following Haldane criteria:
lTi K
−1lj = 0, (35)
where l’s are integer vectors since the back scattering
terms are generated by creation or annihilation opera-
tors of the complex fermions. This is because if the fields
lTi ·φ are pinned simultaneously the fields must be com-
mutative [lTi ·φ(x), lTj ·φ(x′)] = 2iπlTi K−1ljsgn(x− x′).
In the following, we show that two and four pairs of
helical Majorana modes are protected by the symme-
try even in the presence of two-body interactions, and
that eight pairs of helical Majorana modes are gapped
out without symmetry breaking (i.e., the system char-
acterized by (νM, νtot) = (8, 0) is topologically trivial in
the presence of the interactions). We address the stabil-
ity/instability of gapless modes step by step below.
2. symmetry protection of two-, four- eight- Majorana
modes
-two pairs of helical Majorana modes- In this case, we
can gap out helical edge modes by introducing one of the
following two-body interaction terms to the model (28):
Lint = U1
∫
dx cos(2φ1 + 2φ2), (36a)
or
Lint = U ′1
∫
dx cos(2φ1 − 2φ2), (36b)
where U1 and U
′
1 are real numbers. In both cases,
the reflection symmetry is spontaneously broken because
Rˆ(φ1±φ2)Rˆ−1 = (φ1±φ2)+π holds. In other words, the
gapless edge modes cannot be gapped out without sym-
metry breaking. Thus, the gapless edge modes in this
case are protected by the symmetry.
-four pairs of helical Majorana modes- In this case, we
need two cos-terms in order to gap out all of the gapless
edge modes. These interaction terms are given by
Lint =
∫
dx
[
U1 cos(l
T
1 · φ) + U2 cos(lT2 · φ)
]
,
(37a)
where U ’s are real numbers. l’s are linear independent
integer vectors given by the following set
{lT1 , lT2 } = {(1, 1|1, 1), (1,−1| − 1, 1)}, (37b)
{(1,−1|1,−1), (1, 1| − 1,−1)}. (37c)
In both cases, the symmetry is spontaneously broken be-
cause the elementary bosonic fields are not invariant un-
der the transformation. If the potential terms are given
by Eq. (37b), the elementary bosonic fields vT1 · φ and
vT2 · φ are given by
vT1 = (1, 0|0, 1), vT2 = (0, 1|1, 0). (38)
On the other hand, if the potential terms are given by
Eq. (37c), the elementary bosonic fields are obtained by
substituting
vT1 = (1, 0|0,−1), vT2 = (0, 1| − 1, 0). (39)
In both cases, the relation RˆvTi ·φRˆ−1 = vTi ·φ+ π (i =
1, 2) holds, and the symmetry is spontaneously broken.
-eight pairs of helical Majorana modes- In this case, we
need four cos-terms in order to gap out all of the gapless
edge modes. These interaction terms are given by
Lint =
4∑
i=1
Ui
∫
dx cos(lTi · φ), (40a)
where U ’s are real numbers. l’s are linear independent
integer vectors given by the following set
lT1 = (1, 0|1, 0|0,−1|0,−1), (40b)
lT2 = (0, 1|0, 1| − 1, 0| − 1, 0), (40c)
lT3 = (1, 1| − 1,−1|0, 0|0, 0), (40d)
lT4 = (0, 0|0, 0|1, 1| − 1,−1). (40e)
These interaction terms can gap out all of helical edge
modes without symmetry breaking. Thus, the eight pairs
of helical Majorana modes are not protected by the sym-
metry.
We note that the following set of vectors l can also gap
out all of the helical edge modes.
lT1 = (1, 0|1, 0|0,−1|0,−1), (41a)
lT2 = (0, 1|0, 1| − 1, 0| − 1, 0), (41b)
lT3 = (1,−1|1,−1|0, 0|0, 0), (41c)
lT4 = (0, 0|0, 0|1,−1|1,−1). (41d)
In the above, we have seen that eight pairs of heli-
cal Majorana modes are no longer symmetry protected
in the presence of two-body interactions, while two and
four pairs of helical Majorana modes are protected. We
note that these edge modes are predicted by the mirror
Chern number in the bulk. These results demonstrate
that six pairs of Majorana modes are protected by the
symmetry because a phase with the mirror Chern num-
ber νM = 6(= 8 − 2) is topologically equivalent to a
phase having two pairs of helical Majorana modes pre-
dicted by the mirror Chern number νM = −2 in the
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bulk. Besides that, the chiral Majorana modes and odd
number of helical Majorana modes are robust against
interactions26–28,31,34. Therefore, we end up with the
classification results, Z⊕Z8 in the presence of two-body
interactions.
We finish this part by making a comment on inter-
actions which gap out edge modes. In real materials,
any symmetry-allowed interactions are supposed to ex-
ist. Thus, the layers of CeCoIn5 are expected to host
interactions gapping out edge modes. For qualitative es-
timation of interactions, however, one need microscopic
analysis based on Hubbard or periodic Anderson model,
which is left for the future work.
